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Further examples

Yot = @+ X8+ pn + Upe

@ Earnings equation in labour economics: y,; measures earnings of

the head of the household, x,; contains a set of variables like
experience, education, union membership, sex, race, etc. Note
that p, is time-invariant and it accounts for any individual
specific effect that is not included in the regression. In this case
we could think of it as the individual's unobserved ability. The
remainder disturbance v,; varies with individuals and time and
can be thought of as the usual disturbance in the regression.

Production function (utilizing data on firms across time): yu;
measures output and x,; measures inputs. The unobservable
firm specific effects will be captured by the u, and we can think
of these as the unobservable entrepreneurial or managerial skills
of the firm's executives.
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The one-way
(error)
component

model ® For the observation of individual n at period t we can write the
most simple version of the panel model as:

Yot =+ X8+ ent (1)

or, equivalently:

Ynt = 213;7 + ent (2)

® The error component is the sum of two effects: p,, which is the
effect for individual n; v, is the residual (or idiosyncratic)
effect: enr = pn + Une
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The one-way
(error)
component

model ® For the whole sample of O = NT observations we can use the
following matrix notation:

y=aj+XB+e (3)

or, equivalently:

y=2Zv+e (4)

where j is a NTx1 vector of ones, y is a vector of length NT, X
is a matrix of dimension NTxK, Z is NTx(K + 1), 3 is a vector
of length K and ~ a vector of length K + 1.
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® Panel data models break the total variation of the dependent

variable y in intra- and inter-individual.

The one-way
(error)
component

model ® The inter-individual transformation (called between) is obtained
by post multiplying B = Iy ® J7/ T with y (x).
® For example, for one variable, we will have
(By)T - (}_/1'7)_/1'5 "'7}_/1'5)_/2-7}72'5 "'5)72'7 "'7)_/N'7)_/N'7 "'7)_/N-)
® The intra-individual transformation (called within) is obtained
by post multiplying W = Iy — B with y (x)
® For example, for one variable, we will have
(WY)T = (y11 = J1 Y12 = V1r s VAT — Y103 Yo1 — V2o, Y22 —
Yous s YT = ¥2uy ooy YNI = YN-5 YN2 = YN-5 -0y YNT — YN-)
W and B are:
@ symmetric, so BT = Band WT =W
® idempotent, so WxW = W and BxB = B

© They decompose a vector, so Bxy + Wxy =y
O orthogonal, so W'xB =0
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Random effect’s errors assumptions

the errors, in matrix form, can be written as

e = (Iy ® JT)p + v, where 1 is a vector of individual effects p,
of length N where each element is repeated T times, v is a
NT-length vector with idiosyncratic terms.

The estimated model is defined by estimated parameters
4 =(&,BT)" and the NT vector of residuals & = e — Z(¥ — 7)

Assumptions:

@ the expected value of u, and v, is 0

@ the effects i, are mutually uncorrelated (E(pn, pim) = 0,
Vm # n) and homoschedastic (E(u3) = 05,Yn=1,...,N)

© the idiosyncratic terms v,; are also mutually uncorrelated
and homoschedastic

® v, and u, are uncorrelated each others
It follows that:
. 2 2 2
@ the variance E(ey,) = oy, + 0,
@ covariance E(eyens),s At =0

2
n
© covariance E(estemt),n#m =0
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The covariance matrix

® For a given individual n, the variance-covariance matrix for

el = (en1, €ms -, €n7) is

Qun = E(ene) ) = 05lr + 0 )7 (5)

e for n # m the covariance matrix is 0, given the assumptions of

mutual uncorrelation. It follows that:

® The full (for all individuals) variance-covariance matrix € is a

N-block diagonal matrix, each one is in the form of equation 5:

Q= JgINT + Ui(//\/ ® JT)

* Q=03(B+ W)+ To3B =0, W + 0B (the var-covar matrix

can be represented as a linear combination of var terms with
weights the between and the within matrix).

® A desirable assumption is that both x and v are uncorrelated

with x, thatis E(u | x) =0and E(v | x) =0

lwhere 02 = 02 + Tai
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The covariance matrix - An
example

Let N =2 and T = 2 (a very simple case)

o2 0 oi U,i O’i + o2 O’i
Qi = g 2] T2 ,2) = o2 02 4 o2
v wo Tp Iz TS

_ Qn:l,n:l 0
2= < 0 Qn—2,n—2>

We have obtained a 4 x 4 var-covar matrix where elements belonging
to a different individual are zero, and elements belonging to the same

individual at different time are oi
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et i ® The variability in a panel has two sources:

?qrja”::sry e @ between, or inter-individual, which is the variability of panel
variables measured in individual means which is y, (or By)
@® within, or intra individual, which is the variability of panel
variables measured in deviation from the means (i.e.,

Ynt __)_/nv or Wy)

® OLS method of estimation (the same adopted in the cross
section linear regression) can be applied to 3 models: the raw
data one (pooling model, as it was a cross-section), the within
and the between
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On raw data: The pooling model

The model to be estimated is y = Zy + e.?

OLS is based on minimizing (y™ —~7Z7)(y — Zvy) = e"é

the OLS estimator is

Jous = (272)7ZTy (6)
while the difference between the vector of true parameters and
estimated parameters is Jois — vy = (Z72Z)71Z7e
About 3, Bors = (X7 (I — )X)XT (I — D)y with E(3) = 8
(unbiased) only if the error e and X are uncorrelated (it may be
not, if unobserved hetrogeneity exists!)

V(3ors) = (Z72)712TQz(Z72) 1 # 0*(Z72)
So, OLS is unbiased and consistent only if e and X are
uncorrelated, but:

@ the expression for the variance is complex
@® OLS is not the BLUE: it exist at least one estimator which
is unbiased and more efficient.

2e here is not the sum of y and v
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The between estimator

Between estimator is an OLS applied to the between
transformed model (it does not allow to detect intra-individual
variation)

By = BZ~v 4+ Be = aj + BX3 + Be

The variables (such as, e.g., gender, religion) in the model that
do not exhibit intra-individual variation are unaffected by this
transformation

The NT observations become in fact N distinct observations
with individual mean repeated T times each.

The between estimator reads as:
Bg = (XTBX)'XTBy, (7)

where B = B — J is the matrix that transforms the variable in
its mean into a deviation from the overall mean

V(Be) = o1 (X7 BX)™
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The within estimator

Within estimator is an OLS applied to the within transformed
model (u wipes out)

Wy = W(aj + X8+ e) = WXB + Wu

This transformation removes the vector of ones associated to
the intercept a but also the matrix associated to the vectors of
individual effects p,.

It also removes regressors without intra-individual variation

Applying OLS to the transformed model we have the within
estimator: .
Bw = (XTWX)IXT Wy (8)

with standard expression for the variance (no wn)
V(Bw) = (XTWX)IXTWQWX(XTWX)™1 = o2(XTWX)~1
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Least squares dummy variables
(LSDV)

The model works on raw data and can be written as:
y=XB+(In®@JT)u+v

where p is the N-length vector of parameters (each repeated T
times) to be estimated (u is now taken into account in a
deterministic way)

Therefore, there are N + K parameters and the model is feasible
only if N is not too large compare to T

(3 coefficients estimated with within or LSDV are the same
(Frisch-Waugh theorem)

However, LSDV directly estimates the vector of parameters p
while the within just the (s

° In the within, u,, are estlmgted in a separate step:
=Yn — X, ,B a—y—xTﬁ fn =0, — &
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Application in R: Example 2.1 (Croissant, Millo)
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GLS estimator (i)

The within estimator is a regression on panel data that have
been transformed so that individual effects vanish while LSDV
estimates all the effects, but the risk is of having too many
coefficients to be estimated.

On the contrary, GLS consider the individual effect as a random
(stochastic) draw from a specific distribution (i.e., normal) and
seeks to estimate the parameters (i.e. the variance) of this
distribution.

In all cases, the aim is the same: to obtain an efficient estimate
for the slopes (i.e., the 8 parameters).

Assume fui, ~ iid(0,02), v ~ iid(0,03) and the p, are
independent of the vp;.

The random effects model is an appropriate specification if we
randomly draw N individuals from a large population where N is
large. LSDV would lead to an enormous loss of degrees of
freedom.
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® Assuming independence between the error terms p, and v, the
covariance matrix is
Q=E(ee”) =0(In® J7) + 0b(In® IT)
Random

® This implies a homoskedastic variance

effects:
Generalized
least squares

var(en) = ai +02,Vn,t

e Q is equicorrelated and block-diagonal and it exhibits serial
correlation over time only between the same individual. In fact,

oi+05 ifn=m,s=t
cov(ent, ems) = { 02 ifn=ms#t

0 otherwise
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® The GLS estimator reads as:
Jais = (ZTQ712)7H(ZTQ ) (9)
* V(jas) = (XTQTX)7! [
Random ® Q is also linear combination of two well-known idempotent and
effects:
Generalized orthogonal matrices: Q = 02B + o2 W

least squares
® Since the dimension of 2 depends on the sample, may be

infeasible to estimate §¢; s with eq. 9 (it requires the inversion
of Q).

® An efficient way is to estimate OLS on pre transformed
data.

® Let Csuchthat CTC=Q° !, y = Cy, Z= CZ, then
4=(272)7(Z279)

e C=Q05= (}184— LW, with o1 and o, that need to be
estimated in advance. -

3The constant term has no effect on the variance:
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GLS estimator (iv)

® we can denote ¢ = 2—1

02
t follows that 0 =1—¢ =1/~

e As Q) depends on W and B, it may be clear that GLS produces
results in between the within (is equal to the within when o,
dominates, # = 1) and the pooled OLS (is equal to the pooled
OLS when o, dominates, ¢ = 1)
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® We have four different estimators for the same model (the
one-way error component model): the within and the between
just use one source of variance (respectively, intra and
inter-individual), the pooled OLS and the GLS use both sources.
Ej:ri]n;;rtiisoo: ® [f the assumption on null correlation between the errors and

the regressors is in place, all estimators are consistent and
unbiased and then they will give similar results
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Relations between estimators (i)

OLS and GLS gives intermediate results between the within and
the between estimators, as they use both sources of variance.

It is in fact demonstrated that ﬂAGLs can be expressed as a
weighted average of the within and the between

Bors = (XTWX + ¢*XTBX) (X" WXBw + ¢°X " BXf35)

Similarly with Bors, which is the GLS when ¢ = ¢? = 1

Bors = (XTWX + XTBX)"Y(XTWXBw + XTBX}3)

For OLS the weights are exactly the shares of the intra- and
inter-individual variance of the regressors.

For GLS, the weights depends also on the variance of the errors.
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® Because ¢ <=1, GLS will gives less weight to the between
variation, compared to OLS.

® Two special cases can happen:

@ ¢ — 0: this means that o, is very small compared to o,,.
Estimati . L .
comparison In this case GLS converges to the within estimator.
@ ¢ — 1: this means that o, is very large compared to o,,.
In this case GLS converges to the OLS (equal weight to
within and between)
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Fixed vs. random effects

The individual effects are not fixed or random by nature and
they can be modelled either as random or fixed depending on

@ the purpose of estimation
@ the probabilistic structure (of errors)
© the correlation between the errors and the regressors

in micro data, generally random effects are preferred (individuals
are randomly drawn from a population), while in macro analysis,
fixed effects are more popular (because the individual effects
may be of interest per se)

Assumption of uncorrelated effects (given E(X"v) = 0). Two
situations:
©® E(XTu) = 0: individual effects are not correlated with X.
Both models (within and GLS) are consistent, but random
effects (GLS) is more efficient than fixed effects (within)
® E(XTp) # 0: individual effects are correlated with X.
Only the fixed effects (within) method gives consistent
estimates as, with the within transformation, the individual
effects vanish.
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® The two ways error component is obtained by adding a time
invariant effect \; to the model:
Yt = a+x5B+ent (10)
et = fpn+ At + Une (11)
® Assumptions for the two way error model*:
@ )\ has zero mean and it is homoschedastic with variance Ui
o wags ® time effects are mutually uncorrelated:

error model E()\tAs) = O,Vt 7é S
© time effects are uncorrelated with the individual effects and
with the idiosyncratic terms

® The variance-covariance matrix is
Q= O’%/NT + O’i//\/ ® Jr + 0§\J/\/ R It

“to be added to the assumptions of the one-way, slide 8
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® The variance-covariance matrix can be also expressed in terms
of a combination of the idempotent and mutually orthogonal
matrices W, B, and Bj:
Q=c?W+ (Toi +02)B,, + (No3 + 02)By — 02J
where B, = Iy® Jr/T, By = Jr @ Iy/N and J = %2
ko ® B, x y computes the individual means; By x y computes the

time means; J x y computes the overall mean.

® The new within matrix is W = Iyt — B, — By + J
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® As for the one way model, the two ways fixed effects model can
be obtained in two different ways:
@ by estimating OLS on the model that includes individual
and time dummies (two ways LSDV)
o vy @® by estimating OLS on the model where all the variables

error model have been transformed in deviation from time and _
individual means (pre multiplied by W, y,: — y0. — 7+ +V )
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Fixed and random two ways
models (ii)

® For the GLS, similarly to what has been proposed in the one
way error model, the variables are pre-multiplied by C = Q95
because of the problem of the inversion of €, and then an OLS
is applied on the transformed data.

® The role of each stochastic component is evaluated by means
of:

® 0, =1— ——22— (a measure for the importance of

individual variance)
® 0, =1— ——2=— (a measure for the importance of

1/(7%+NU§\
temporal variance)
© 0,=1— —% (a measure for the importance of

\/02+To2+No3

individual 4+ temporal variance)
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Application in R: Example 2.8 and 2.9 (Croissant, Millo)
Two ways

error model
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Advanced Arguments

alternative ways to model the errors in the random effect model
models to account for endogeneity in the covariates

models for unbalanced panels (Chapter 3, Croissant & Millo)
models for count or dichotomous data

dynamic models accounting for time lagged terms

models for spatial panels accounting for spatial lagged terms
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e Different ways to account for heterogeneity (wipes out that or
accounting for that)
® The individual and time effects may be modelled as fixed or
random
e Within, Between, pooled OLS or GLS
® GLS and OLS gives intermediate results between within and
between, with two extreme cases
e, ® The use of fixed or random depends on the correlation

assumption among the regressors and the errors
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